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Mdx + Ndy = 01is exact if there is a function F such that F; = M and F, = N.

If such an F exists, then M, = Nj.
Conversely, if M, = N, then locally such a function F exists.

To solve for F, integrate M in x, differentiate in y, and set equal to N.
(Or reverse the roles of x and y and M and N).



Example: Solve  x? + y? + 2y(x + 1)57 =0.



Example: Solve  x? + y? + 2y(x + 1);—3{ = 0. M=x*+y?> and N =2y(x+1).



Example: Solve  x? + y? + 2y(x + 1);—)( = 0. M=x*+y?> and N =2y(x+1).

Exercise: Check the equation is exact.



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.

Integrate M in x, differentiate in iy and set to N:



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.
Integrate M in x, differentiate in iy and set to N:

F(x,y) = 3x° + xi? + A(y)



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.
Integrate M in x, differentiate in i and set to N:

Fir,y) =3 +x2+Aly) = 2y(x+1)=2xy+A'(y)



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.
Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+1D)=2xy+A(y) = Ay =2y



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.
Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+D)=2xy+A(y) = AW=2y = Ay =1



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.

Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+D)=2xy+A(y) = AW=2y = Ay =1

= F(x,y) =33 +x2 + 2



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.

Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+D)=2xy+A(y) = AW=2y = Ay =1

= Flx,y) = %xa + xy2 + yz. Now solve F(x,y) = C.



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.

Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+D)=2xy+A(y) = AW=2y = Ay =1

= Flx,y) = %x‘% + xy2 + yz. Now solve F(x,y) = C.

2_ € —+,/—:
YT 50 y== x+1 7

If x = —1, the explicit solution invalid.



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.

Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+D)=2xy+A(y) = AW=2y = Ay =1

= Flx,y) = %x‘% + xy2 + yz. Now solve F(x,y) = C.

2_ € —+,/—:
YT 50 y== x+1 7

If x = —1, the explicit solution invalid.

X2+ 2+ 2y(x + 1)% = 0 has no solution there, note that term before Z—z is zero.



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.

Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+D)=2xy+A(y) = AW=2y = Ay =1

= Flx,y) = %x‘% + xy2 + yz. Now solve F(x,y) = C.

C - (1/3)x® [C = (1/3)x3
2 I = _
YT SO Y= x+1

If x = —1, the explicit solution invalid.
x? + % + 2y(x + 1)% = 0 has no solution there, note that term before Z—z is zero.

(x? + y?) dx + 2y(x + 1) dy = 0 does have a solution x = —1.



Example: Solve  x? + y? + 2y(x + 1)% =0. M=x*+y?> and N =2y(x+1).
Exercise: Check the equation is exact.

Integrate M in x, differentiate in i and set to N:

Fir,y) =3P +x2 +Aly) = 2yx+D)=2xy+A(y) = AW=2y = Ay =1

= Flx,y) = %x‘% + xy2 + yz. Now solve F(x,y) = C.
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If x = —1, the explicit solution invalid.

x? + % + 2y(x + 1)% = 0 has no solution there, note that term before Z—z is zero.
(x + y*) dx + 2y(x + 1) dy = 0 does have a solution x = —1.

One could solve for x in terms of y for any initial condition (messy).
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OK, that’s another differential equation, how does that help?

One strategy: Look for u that is a function of x alone, or y alone.
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