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Definition

Given a sequence {x,}° ., a series is the formal object

(o]
2,

n=1

[ee]
n=1’

A series converges if the sequence {si},”, defined by

M~

Sk = ) Xy =Xx1+Xxp+---+Xx converges.

n=1

The numbers sy are called partial sums. If the series converges, we write

Z Xp = klim st (cheating a little by treating the series as a number).
n=1 —00

If {sk};2, diverges, we say the series is divergent.
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o0
If a series is convergent, then Z Xy = klim Z Xp.
—00

If the series does not converge, the right hand side is nonsense.

So (unlike for sequences) Z x, means two different things:

n=1
1) notation for the series,

2) the actual limit.

[s+]
Remark: We could start at a different index: Z = L

n=0 n=1

Remark: It is common (but we will not) to write Z x, informally as
n=1

X1 +Xp+Xx3+ .-
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Example: Z n converges and the limit is 1. That is, Z o = kh_)n; Z o0 = 1.
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Proof: By induction (exercise), (Z 2_”) + o= 1.
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Let si be the partial sum, then |1 —s¢| =
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Example: Z n converges and the limit is 1. That is, Z o= kh_)n; Z o0 = 1.

n=1 n=1 =1

S51) 1
Proof: By induction (exercise), (Z 2—n) + = 1.
n=1
0 o +1/a+1/8

| |

1/2 1/4 1/8 1/8
51

1- T

n

Let si be the partial sum, then |1 —s¢| =

{217}121 = {|1 - skl};::l convergesto0 = {s},2; converges to 1.
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[S) (S
L 1
Suppose =1 < r < 1. Then the geometric series Z 1" converges, and Z = T—
n=0 n=0 r
Proof: Exercise.
One proves
k-1
L 1=K
r = ,
1-r
n=0

and then one takes the limit k — oo.
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Proposition (tail of a series)

Let Z X, be a series. Let M € N. Then

n=1

oo (S8
Z X, converges if and only if E Xn converges.

n=1 n=M

Proof: Consider partial sums of the two series (for k > M)

Note that 221_11 Xy, is a fixed number.

Adding a constant does not change the convergence of a sequence.
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Definition

Z xn is Cauchy (Cauchy series) if the sequence of partial sums {s,.};~, is Cauchy.

n=1

A sequence converges <« itis Cauchy. So: A series converges <« itis Cauchy.

00 k n
an isCauchy & Ve>0,IMeN,s.t.Vn k=M, (in) - (in) <e.
n=1 i=1 i=1
k n k
WLOG assume n < k. Then (Z xi) - (Z xi) = Z xil<e. =
i=1 i=1 i=n+1
Proposition
0 k

anisCauchy S Ve>0,dMeNsuchthatVn>MandVk > n,

n=1




Proposition

[ee)
Let Z Xy be a convergent series. Then {x,}}’ , is convergent and ~ lim x, = 0.
= n—oo
n=1

8/22



Proposition

[ee)
Let Z Xy be a convergent series. Then {x,},’ | is convergent and ~ lim x, =0.
= n—oo
n=1

Proof: Z X, is convergent = itis Cauchy.
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Proof: Z X, is convergent = itis Cauchy.
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Let € > 0 be given. IMsuchthatVn>M, €> Z Xi| = |xns1]-
i=n+1
= foreveryn > M+ 1, we have |x,| <e.
Example: If r > 1 or r < -1, then the geometric series Z " diverges.
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Proof: || =|r[">1"=1 = termsdonotgoto0 = Z 1" diverges.
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{%},‘:‘;1 isunbounded = {sx}?, isunbounded = {s,}}’; is unbounded.

1
So {sn}}‘;":1 diverges, that is, Z - diverges. O
n=1
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Let o € R and Z X, and Z Yn be convergent series. Then
n=1 n=1

[se] [ee]
i) Z ax, converges and Z ax, =« Z o
n=1 n=1 n=1

(if) i(xn + Yn) converges and i(xn +Yn) = (i xn) + (i ]/n)'

n=1 n=1 n=1 n=1
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Proposition (Linearity of series)

Let o € R and Z X, and Z Yn be convergent series. Then

n=1 n=1
(o)

[se] [ee]
i) Z ax, converges and Z ax, =« Z o
n=1 n=1 n=1

(if) i(xn + Yn) converges and i(xn +Yn) = (i xn) + (i ]/n)~

n=1 n=1 n=1 n=1

k k
Proof: (i) The kth partial sum is Z ax, =« (Z xn).

n=1 n=1

Constant multiple of a convergent sequence is convergent.

k k k
(ii) The kth partial sumiis » (x +y) = (Z xn) + (Z yn)-
n=1

n=1 n=1

Sum of convergent sequences converges to the sum of the limits. ]
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Hence,
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Remark: Multiplying series is not as simple as adding (see 2.6).



Example: By the first item, if |[r| < 1 and i € N, then

e e8] [+
rl § rn: § r?’l‘H: § rn‘

n=0 n=0 n=i

S
y 1-r
n=i

Remark: Multiplying series is not as simple as adding (see 2.6).
Obviously, we don’t multiply term by term: (a + b)(c + d) # ac + bd.

Hence,
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Monotone sequences are easier than arbitrary sequences
(o]

= Z x, where x,, > 0 for all n are easier, as partial sums are monotone increasing.

n=1
Proposition
Ifx, > 0 for all n, then Z x, converges if and only if the sequence of partial sums is bounded above.
n=1

The limit of a monotone increasing sequence is the supremum:

If x, > 0 for all n, then
k o)
Z Xy < Z .

n=1 n=1

(still true if we allow infinite limits).
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n=1 n=1
If a series converges, but not absolutely, it converges conditionally.

Proposition

If Z X, converges absolutely, then it converges.
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Definition

oo oo
Z X, converges absolutely if Z || converges.
n=1 n=1

If a series converges, but not absolutely, it converges conditionally.

Proposition

If Z X, converges absolutely, then it converges.
n=1

Proof: If Z x, converges absolutely, then Z || is convergent hence Cauchy.

n=1 n=1
n n
Ve >0,IMsuch thatVk > Mand all n > k, Z x| = Z x| < e.
i=k+1 i=k+1
n n o]
By triangle inequality, Z x| < Z lxi| <e = Zx,, is Cauchy = converges.
i=k+1 i=k+1 n=1
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[s+] _ n 1
Example: (-1) converges (exercise), but — diverges.
P ” g n g
n=1

n=1



sl n
Example: Z ( 2)
n=1

converges (exercise), but

o 1)
So Z ( n) converges conditionally.
n=1

e

B

Il
—_

S|

diverges.
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[se]

N (D" . 1
Example: Z " converges (exercise), but Z; - diverges.
— n=
=1

If Z x, converges absolutely, the limits of Z x, and Z |x,| are in general different.

n=1 n=1 n=1

o0
< Z |xi.
P

converges conditionally.

[e+]

S

i=1

However, (exercise)

Absolutely convergent series behave nicely (e.g., can be rearranged, or multiplied, etc.).

Conditionally convergent series don't.
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Proposition (Comparison test)

Let Z Xy and Z Yn be series such that 0 < x, <y, foralln € N.

n=1 n=1
@) If Z Yn converges, then so does Z pe (i) If Z xy, diverges, then so does Z Yn-
n=1 n=1 n=1

Proof: Partial sums monotone (terms > 0) and x, <y, foralln = Vk, Z Xn < Z Yn-
n=1
o0 k k
(i) If X yu converges, partial sums bounded = 3IBsuchthatVk, B> 3} y, > 3 x,.

n=1 n=1 n=1

[se] [ee]
Partial sums of )| x, are bounded = 3} x, converges.
n=1 n=1

o k k
(ii) If Y x, diverges, partial sums unbounded = VB 3Jksuchthat B < ) x, < 3 yu.
n=1 n=1 n=1

= partial sums of }} y, unbounded = 3} y, diverges. |
n=1 n=1
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217_4<L

p>1 =

(s
The geometric series Z
i=1

1 1
(F) converges.




p>1 = <L

R
The geometric series Z (2’7—_1) converges.
i=1

k-1 1 i
52k1<1+ (277__1)

i=1
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L [ 1
The geometric series Z (217_‘1) converges.
i=1

k-1 1 i 00 1 i
52k1<1+ (217_—1)S1+Z(2p_—1)

i=1 i=1



1

< 1.

[ee] 1 1
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i=1
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The geometrlc series Z ( ) converges.
i=1

k-1 i 00 i
1
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1

p>1 = 2f7_71<1

[ee] 1 1
The geometrlc series Z ( ) converges.
i=1

k-1 i 00 i
1
—3 Szk1<1+ E (2}71) Sl E (2—)

i=1

For every n there is a k > 2 such that n < 2F — 1

0o 1 i
= SnSSZk_1<1+Z(2p—_l).
i=1

The sequence of partial sums is bounded = the series converges.
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1
Example: Z 7 converges.

1
Proof: < — foralln e N.
n2+1 n?
NE ! converges by the p-series test By the comparison test OOE ! converges
i n? gesby thep : y P (dn?+1 ges:

Often easier to show a series converges than it is to find the limit.

E.g., easy to see Z — converges, much harder to show the limit is /6.
n=1 n
2 1 - ‘" : b 7
Remark: C(p) = Z — s the “Riemann zeta function”.
n

n=1
Understanding its roots is one of the most famous unsolved problems in mathematics,

with many applications.
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Suppose r > 0. Ratio of two subsequent terms in the geometric series
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Example:

(o) zn
Z p converges absolutely.
n=1
Proof: 4
n+ 1
lim 2 /0Dty 2,
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Example:

(o) 2”
Z p converges absolutely.
n=1
Proof: 4
2" (m+ 1) 2
b = g =0

Therefore, the series converges absolutely by the ratio test.
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, e N L . 1)
Converse still doesn't hold: nZ:; oy diverges even though nh_r}x‘}o n (n n n) =0.



