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Lemma (Squeeze lemma)
Let {an}∞n=1, {bn}∞n=1, and {xn}∞n=1 be sequences such that an ≤ xn ≤ bn ∀ n ∈ ℕ.

Suppose {an}∞n=1 and {bn}∞n=1 converge and lim
n→∞

an = lim
n→∞

bn.
Then {xn}∞n=1 converges and lim

n→∞
xn = lim

n→∞
an = lim

n→∞
bn.

Proof: Let x B lim
n→∞

an = lim
n→∞

bn. Let 𝜖 > 0 be given.
Find M1 s.t. ∀ n ≥ M1, |an − x| < 𝜖, and M2 s.t. ∀ n ≥ M2, |bn − x| < 𝜖.
Set M B max{M1 ,M2}.
n ≥ M ⇒ x − an < 𝜖 or x − 𝜖 < an and bn < x + 𝜖.
⇒ x − 𝜖 < an ≤ xn ≤ bn < x + 𝜖.
⇒ −𝜖 < xn − x < 𝜖 ⇒ |xn − x| < 𝜖 ⇒ {xn}∞n=1 converges to x. □

x xn bnx − 𝜖 an x + 𝜖

𝜖𝜖
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Example: Consider
{ 1

n
√

n

}∞
n=1.

As
√

n ≥ 1 for all n ∈ ℕ,
0 ≤ 1

n
√

n
≤ 1

n
for all n ∈ ℕ.

We already know lim
n→∞

1/n = 0.

The constant sequence {0}∞n=1 and {1/n}∞n=1 in the squeeze lemma ⇒

lim
n→∞

1
n
√

n
= 0.



3 / 21

Example: Consider
{ 1

n
√

n

}∞
n=1.

As
√

n ≥ 1 for all n ∈ ℕ,
0 ≤ 1

n
√

n
≤ 1

n
for all n ∈ ℕ.

We already know lim
n→∞

1/n = 0.

The constant sequence {0}∞n=1 and {1/n}∞n=1 in the squeeze lemma ⇒

lim
n→∞

1
n
√

n
= 0.



3 / 21

Example: Consider
{ 1

n
√

n

}∞
n=1.

As
√

n ≥ 1 for all n ∈ ℕ,
0 ≤ 1

n
√

n
≤ 1

n
for all n ∈ ℕ.

We already know lim
n→∞

1/n = 0.

The constant sequence {0}∞n=1 and {1/n}∞n=1 in the squeeze lemma ⇒

lim
n→∞

1
n
√

n
= 0.



3 / 21

Example: Consider
{ 1

n
√

n

}∞
n=1.

As
√

n ≥ 1 for all n ∈ ℕ,
0 ≤ 1

n
√

n
≤ 1

n
for all n ∈ ℕ.

We already know lim
n→∞

1/n = 0.

The constant sequence {0}∞n=1 and {1/n}∞n=1 in the squeeze lemma ⇒

lim
n→∞

1
n
√

n
= 0.



4 / 21

Lemma
Let {xn}∞n=1 and {yn}∞n=1 be convergent sequences and xn ≤ yn for all n ∈ ℕ.

Then lim
n→∞

xn ≤ lim
n→∞

yn.

Proof: Let x B lim
n→∞

xn and y B lim
n→∞

yn.

Let 𝜖 > 0 be given.

Find an M1 such that |xn − x| < 𝜖/2 for all n ≥ M1,
and M2 such that |yn − y| < 𝜖/2 for all n ≥ M2.

So for some n ≥ max{M1 ,M2}, x − xn < 𝜖/2 and yn − y < 𝜖/2.

Add these to get yn − xn + x − y < 𝜖 or yn − xn < y − x + 𝜖.

xn ≤ yn ∀n ⇒ 0 ≤ yn − xn ∀n ⇒ 0 < y − x + 𝜖 ⇒ x − y < 𝜖.

𝜖 > 0 is arbitrary ⇒ x − y ≤ 0 ⇒ x ≤ y. □
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Corollary
(i) If {xn}∞n=1 is convergent such that xn ≥ 0 ∀ n ∈ ℕ, then lim

n→∞
xn ≥ 0.

(ii) Let a, b ∈ ℝ and {xn}∞n=1 be convergent such that a ≤ xn ≤ b ∀ n ∈ ℕ.
Then a ≤ lim

n→∞
xn ≤ b.

Proof is an exercise.

The results are not true with strict inequalities.

Example: Let xn B −1/n and yn B 1/n.
Then xn < yn, xn < 0, and yn > 0 for all n.
However, lim

n→∞
xn = lim

n→∞
yn = 0.

Strict inequalities may become non-strict inequalities when limits are applied.
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Proposition
Let {xn}∞n=1 and {yn}∞n=1 be convergent sequences.

(i) {xn + yn}∞n=1 converges and lim
n→∞

(xn + yn) = lim
n→∞

xn + lim
n→∞

yn.

(ii) {xn − yn}∞n=1 converges and lim
n→∞

(xn − yn) = lim
n→∞

xn − lim
n→∞

yn.

(iii) {xnyn}∞n=1 converges and lim
n→∞

(xnyn) =
(

lim
n→∞

xn

) (
lim
n→∞

yn

)
.

(iv) If lim
n→∞

yn ≠ 0 and yn ≠ 0 for all n ∈ ℕ, then
{

xn
yn

}∞
n=1

converges and

lim
n→∞

xn
yn

=
limn→∞ xn
limn→∞ yn

.

Note that you can also use constant sequences.
E.g., if c ∈ ℝ and {xn}∞n=1 converges, then
lim
n→∞

cxn = c
(

lim
n→∞

xn

)
, lim

n→∞
(c + xn) = c + lim

n→∞
xn, etc.
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Proof: (i) (addition).

Suppose {xn}∞n=1 and {yn}∞n=1 are convergent, x B lim
n→∞

xn, y B lim
n→∞

yn.

Let 𝜖 > 0 be given.
Find an M1 such that ∀ n ≥ M1, |xn − x| < 𝜖/2.
Find an M2 such that ∀ n ≥ M2, |yn − y| < 𝜖/2.
Take M B max{M1 ,M2}.

For all n ≥ M,

|(xn + yn) − (x + y)| = |xn − x + yn − y| ≤ |xn − x| + |yn − y| < 𝜖
2 + 𝜖

2 = 𝜖.

(i) is proved.

Proof of (ii) (subtraction) is almost identical (exercise).
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Next (iii) (multiplication).

Suppose {xn}∞n=1 and {yn}∞n=1 are convergent and x B lim
n→∞

xn, y B lim
n→∞

yn.

Let 𝜖 > 0 be given. Let K B max{|x| , |y| , 𝜖/3, 1}.
Find an M1 such that ∀ n ≥ M1, |xn − x| < 𝜖

3K .
Find an M2 such that ∀ n ≥ M2, |yn − y| < 𝜖

3K .
Take M B max{M1 ,M2}.

For all n ≥ M,

|(xnyn) − (xy)| = |(xn − x + x)(yn − y + y) − xy|
= |(xn − x)y + x(yn − y) + (xn − x)(yn − y)|
≤ |(xn − x)y| + |x(yn − y)| + |(xn − x)(yn − y)|
= |xn − x| |y| + |x| |yn − y| + |xn − x| |yn − y|

<
𝜖

3K
K + K 𝜖

3K
+ 𝜖

3K
𝜖

3K
(now notice that 𝜖

3K ≤ 1 and K ≥ 1)

≤ 𝜖
3 + 𝜖

3 + 𝜖
3 = 𝜖
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(iv) follows from (iii) and the claim:

Claim: If {yn}∞n=1 is convergent, lim
n→∞

yn ≠ 0, and yn ≠ 0 for all n ∈ ℕ, then {1/yn}∞n=1 converges

and lim
n→∞

1
yn

=
1

limn→∞ yn
.

Proof of claim: Let 𝜖 > 0 be given.
Let y B lim

n→∞
yn.

|y| ≠ 0 ⇒ min
{
|y|2 𝜖

2 ,
|y|
2

}
> 0.

Find an M such that for all n ≥ M, |yn − y| < min
{
|y|2 𝜖

2 ,
|y|
2

}
.

For n ≥ M, |y − yn | < |y|/2, so |y| = |y − yn + yn | ≤ |y − yn | + |yn | < |y|
2 + |yn |.

Subtract |y|/2 from both sides to get |y|/2 < |yn |, or 1
|yn | <

2
|y|���� 1

yn
− 1

y

���� = ����y − yn

yyn

���� = |y − yn |
|y| |yn |

≤ |y − yn |
|y|

2
|y| <

|y|2 𝜖
2

|y|
2
|y| = 𝜖. □
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Exercise: (induction) lim
n→∞

xk
n =

(
lim
n→∞

xn
)k for all k ∈ ℕ.

Proposition

Let {xn}∞n=1 be convergent and xn ≥ 0 for all n ∈ ℕ. Then lim
n→∞

√
xn =

√
lim
n→∞

xn.

Notice lim
n→∞

xn ≥ 0 so the square root makes sense.
Proof: Let x B lim

n→∞
xn, x ≥ 0.

First suppose x = 0.
Let 𝜖 > 0 be given.
Find M such that ∀ n ≥ M, xn = |xn | < 𝜖2, or

√
xn < 𝜖.

⇒
��√xn −

√
x
�� = √

xn < 𝜖.

Now suppose x > 0 (and hence
√

x > 0).��√xn −
√

x
�� = ���� xn − x

√
xn +

√
x

���� = 1
√

xn +
√

x
|xn − x| ≤ 1√

x
|xn − x| .
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Proposition
If {xn}∞n=1 is a convergent sequence, then {|xn |}∞n=1 is convergent and

lim
n→∞

|xn | =
��� lim
n→∞

xn

��� .

Proof sketch: The reverse triangle inequality:
�� |xn | − |x|

�� ≤ |xn − x|. □
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Example:
Note that lim

n→∞
1/n = 0.

Then

lim
n→∞

���√1 + 1/n − 100/n2
��� = �����√1 +

(
lim
n→∞

1/n
)
− 100

(
lim
n→∞

1/n
) (

lim
n→∞

1/n
)����� = 1.

Read this from right to left. The propositions ⇒ LHS exists.

Example: Be careful:

lim
n→∞

(
n2

n + 1 − n
)
= −1, but

(
lim
n→∞

n2

n + 1

)
−
(

lim
n→∞

n
)

is nonsense.
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Example: Define {xn}∞n=1 by x1 B 2 and xn+1 B xn − x2
n − 2
2xn

.

We must prove:
1) the sequence is well-defined,
2) the sequence converges,
3) only then try to find the limit.

First, x1 = 2 > 0 (so x2 exists: x2 = 2 − 22−2
2·2 = 1.5 > 0)

Suppose for some n, xn exists and xn > 0.

xn+1 = xn − x2
n − 2
2xn

=
2x2

n − x2
n + 2

2xn
=

x2
n + 2
2xn

.

x2
n + 2 > 0 and xn > 0, and so xn+1 =

x2
n+2
2xn

> 0.

By induction {xn}∞n=1 exists and xn > 0 for all n.

We claim {xn}∞n=1 is monotone decreasing.

If we show that x2
n − 2 ≥ 0 for all n, then xn+1 ≤ xn for all n.
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(recall: x1 B 2 and xn+1 B xn − x2
n−2
2xn

)

x2
1 − 2 = 4 − 2 = 2 > 0

x2
n+1 − 2 =

(
x2

n + 2
2xn

)2

− 2 =
x4

n + 4x2
n + 4 − 8x2

n

4x2
n

=
x4

n − 4x2
n + 4

4x2
n

=

(
x2

n − 2
)2

4x2
n

≥ 0.

So {xn}∞n=1 is monotone decreasing and bounded below, it must converge.

Write
2xnxn+1 = x2

n + 2.

{xn+1}∞n=1 is the 1-tail of {xn}∞n=1, so it converges to the same limit, say x. So

2x2 = x2 + 2 ⇒ x2 = 2.

As xn > 0 for all n, x ≥ 0. ⇒ x =
√

2.

You may have noticed the above is Newton’s method for finding
√

2,
a common and practical way to find roots of equations.
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You may have noticed the above is Newton’s method for finding
√

2,
a common and practical way to find roots of equations.
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(recall: x1 B 2 and xn+1 B xn − x2
n−2
2xn

)

x2
1 − 2 = 4 − 2 = 2 > 0

x2
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(
x2

n + 2
2xn

)2

− 2 =
x4

n + 4x2
n + 4 − 8x2

n

4x2
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n
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Example: Suppose x1 B 1 and xn+1 B x2
n + xn.

Suppose we blindly write x ≔ lim
n→∞

xn. Then xn+1 = x2
n + xn gives

x = x2 + x ⇒ x = 0.

But the sequence does not converge (unbounded). lim
n→∞

xn does not exist.

Moral: Before you can compute what a limit is, you need to know the sequence converges.

More general moral: Before you prove that a limit actually exists do not do any
calculations with

lim
n→∞

xn.

Just don’t write “ lim
n→∞

” anywhere before you prove the limit exists.
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Proposition
Let {xn}∞n=1 be a sequence. Suppose ∃ x ∈ ℝ and a convergent {an}∞n=1 such that lim

n→∞
an = 0

and |xn − x| ≤ an for all n ∈ ℕ.

Then {xn}∞n=1 converges and lim
n→∞

xn = x.

Proof: Let 𝜖 > 0 be given.

Note an ≥ 0 for all n.

Find M ∈ ℕ such that an = |an − 0| < 𝜖 for all n ≥ M.

So for all n ≥ M, |xn − x| ≤ an < 𝜖. □
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Proposition
Let c > 0.

(i) If c < 1, then lim
n→∞

cn = 0.

(ii) If c > 1, then {cn}∞n=1 is unbounded.

Proof: First consider c < 1.
As c > 0, then cn > 0 for all n ∈ ℕ by induction.
As c < 1, then cn+1 < cn for all n.
⇒ {cn}∞n=1 is decreasing bounded below ⇒ it converges. Let x B lim

n→∞
cn.

The 1-tail {cn+1}∞n=1 converges to x.
Take the limit of both sides of cn+1 = c · cn ⇒ x = cx, or (1 − c)x = 0.
⇒ x = 0 as c ≠ 1.

Now consider c > 1. Let B > 0 be arbitrary.
As 1/c < 1, then

{
(1/c)n

}∞
n=1 converges to 0.

⇒ for some large enough n, 1
cn =

( 1
c
)n

< 1
B .

⇒ cn > B, and B is not an upper bound for {cn}∞n=1.
As B was arbitrary, {cn}∞n=1 is unbounded. □
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Lemma (Ratio test for sequences)

Let {xn}∞n=1 be such that xn ≠ 0 for all n and L B lim
n→∞

|xn+1 |
|xn |

exists.

(i) If L < 1, then {xn}∞n=1 converges and lim
n→∞

xn = 0.

(ii) If L > 1, then {xn}∞n=1 is unbounded (hence diverges).

If L = 1, no conclusion. E.g.,
{1/n}∞n=1 converges to zero, but L = 1. {1}∞n=1 converges to 1, and L = 1.
{(−1)n}∞n=1 does not converge, and L = 1. {n}∞n=1 is unbounded, and L = 1.

Proof: Suppose L < 1.
|xn+1 |
|xn | ≥ 0 for all n ⇒ L ≥ 0. Pick r such that L < r < 1.

|xn+1 |
|xn | will eventually be less than r and so we compare the sequence to {rn}∞n=1.

1L r
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As r − L > 0, ∃ M ∈ ℕ such that for all n ≥ M,���� |xn+1 |
|xn |

− L
���� < r − L.

⇒ for n ≥ M,
|xn+1 |
|xn |

− L < r − L or |xn+1 |
|xn |

< r.

For n > M (n ≥ M + 1)

|xn | = |xM | |xM+1 |
|xM |

|xM+2 |
|xM+1 |

· · · |xn |
|xn−1 |

< |xM | rr · · · r = |xM | rn−M = (|xM | r−M)rn.

{rn}∞n=1 converges to zero ⇒ {|xM | r−Mrn}∞n=1 converges to zero.

The M-tail of {xn}∞n=1 converges to zero ⇒ {xn}∞n=1 converges to zero.
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Now suppose L > 1.

Pick r such that 1 < r < L.

As L − r > 0, ∃ M ∈ ℕ such that for all n ≥ M���� |xn+1 |
|xn |

− L
���� < L − r.

⇒
|xn+1 |
|xn |

> r.

For n > M,

|xn | = |xM | |xM+1 |
|xM |

|xM+2 |
|xM+1 |

· · · |xn |
|xn−1 |

> |xM | rr · · · r = |xM | rn−M = (|xM | r−M)rn.

{rn}∞n=1 is unbounded (r > 1) ⇒ {xn}∞n=1 is not bounded
(if |xn | ≤ B ∀n ⇒ rn < B

|xM | r
M for all n > M, ⇒⇐).

⇒ {xn}∞n=1 diverges. □
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