Cultivating Complex Analysis:
Wirtinger operators (2.2.2)

Jif{ Lebl

Departemento pri Matematiko de Oklahoma Stata Universitato



Suppose z = x +iy.



Suppose z = x + iy.

Define the Wirtinger operators:

9 defl
oz 2

|

9 _;9
ox dy

)



Suppose z = x + iy.

Define the Wirtinger operators:
J def 1 i_ii J def 1
dz 2 \ox ay)’

Not really “partial derivatives” despite the notation.



Suppose z = x + iy.
Define the Wirtinger operators:
d defl(d .0 d defl(d .0
2ig-) delEed)
Not really “partial derivatives” despite the notation.

The operators are really determined by wanting

d Jd_ J _ Jd_
—z=1, —=—z=0, gz—O, éz—l.



Letf = u+iv.

2-1(%-3)



Letf = u+iv.

I 1(af+_af) :%(aqu.av du

oz 2\ox oy ax o ey Ty



Letf = u+iv.

of (&f+8f)=%(8u+.8z; Ju 82})

% - E l£+la_y_8_y

_1(u_de), i (%0 ou
ox dy 2\ox ay| 2\ox  dy



Letf =u +iv.

o (&f+c9f) (au+.av Ju 82}):

Jdz  2\dx oy dx dx dy dy 2\dx dy) 2\ox oy

This expression is zero if and only if the real and imaginary parts are zero.



Letf =u +iv.

a_f &f+&f a_u+1@+1@_@ —1 a_u_@ +i @4_@
0z ox dy dx dx dy dy) 2\ox dy) 2\ox 9y
This expression is zero if and only if the real and imaginary parts are zero. Namely,

Ju Jdvu 81) u
a — a—y = O, and 8 ay =0.



Letf =u +iv.

a_f af_‘_&f a_u+1@+1@_% —1 a_u_@ +i @4_@
0z ox dy dx dx dy dy) 2\ox dy) 2\ox 9y
This expression is zero if and only if the real and imaginary parts are zero. Namely,

Ju Jdvu 81) u
a — a—y = O, and 8 ay =0.

Those are the Cauchy—Riemann equations!



Letf =u +iv.

o (&f+c9f) (au+.av Ju 82}):

Jdz  2\dx oy dx dx dy dy 2\dx dy) 2\ox oy

This expression is zero if and only if the real and imaginary parts are zero. Namely,

Ju Jdvu 81) u
a — a—y = O, and 8 ay =0.

Those are the Cauchy—Riemann equations!
Proposition
Let U C C be open. Then f: U — C is holomorphic if and only if f is (real) differentiable and

o _
0z~




On the other hand, if f is holomorphic,

of
0z



On the other hand, if f is holomorphic,

I 1(du dv +i dv  du
2\dx dy

2 =2\ Ty



On the other hand, if f is holomorphic,

a_f—l @4_@ +£ @_a_u —%J’_i@
dz  2\ox ady) 2\ox dy| Ix ox



On the other hand, if f is holomorphic,

I 1(du dv +i dv  du du .dv Jf
2\dx dy

8x+8y

54_1%_835

dz 2



On the other hand, if f is holomorphic,

of %(au av)+i(av au)_

pe 2o oy

8x+8y

Ju
ox

0v

+8x

I
Ix

N|>_\

i

Ju

8y+

du
dy

5



On the other hand, if f is holomorphic,

I 1(du dv L dv  du _@_H,@_a_f _1(ou .dv\ _19f
2\dx dy dx  Jx ox S oy

8x+(3y

a]/+la_y

dz 2



On the other hand, if f is holomorphic,

g_l(au av)+i(av au)_au v of

22\ oy T2\

— + 1= —1 %4.1'@ —li
Cdx  odx  Ox Cil\dy  dy) iy

(In the second form think of derivative in iy not y).



On the other hand, if f is holomorphic,

g_l(au 8v)+i(8v au)_au v of

22\ oy T2\

— + 1= —1 %_{_i@ —li
Cdx  odx  Ox Cil\dy  dy) iy

(In the second form think of derivative in iy not y).

To compute f’(z) we can approach from any direction:



On the other hand, if f is holomorphic,

d j d
_le(au 80)4_1(80 8u)=@+821 2

dz ox (9_3/ ﬁ_yy dx  ox  dx

(In the second form think of derivative in iy not y).

To compute f’(z) we can approach from any direction:

o) = timEH D21

heC

_1

i(

Ju
—+

dy

20
dy

)_

19f
idy



On the other hand, if f is holomorphic,

d j d
_le(au 80)4_1(80 8u)=@+821 2

dz ox (9_3/ ﬁ_a_y dx  ox  dx

(In the second form think of derivative in iy not y).
To compute f’(z) we can approach from any direction:

f(Z+h) - _ f(Z+t) -f@

t—)O
heC teR

f@)=

_1

i(

Ju
—+

dy

2
dy

)_

19f
z8y



On the other hand, if f is holomorphic,

¥ _Lfou g0\ (% o\ _ou g0 o  _1(n, oo\ 1%
dz  2\odx dy dx dy) oJx ox ox “ilay oy) "oy
(In the second form think of derivative in iy not y).
To compute f’(z) we can approach from any direction:
(z+ h) (z) _ (z+1t)—f(z) du 82}
F =t ED IOy JEr D)o ooy

t—>0 t " oxlz
heC teR



On the other hand, if f is holomorphic,

)=

(In the second form think of derivative in iy not y).

0z Ix

¥ 1
h ox

Jdv

dy

L L(2e _om
2\dx dy

u g _f

8x+£ Ix

To compute f’(z) we can approach from any direction:

f@)=

heC

G +h) —f2) _

t—)O
teR

oJEFD-f)
t

_ou

oxlz

_1

2
ox z

g
i\dy

o\ 19
dy| ~idy
= oxl’




On the other hand, if f is holomorphic,
aof

0z

4

u

ox

Jdv +i Juv  Jdu
dy

g_Qy

_)=

u, o
dx  dx  ox

(In the second form think of derivative in iy not y).

To compute f’(z) we can approach from any direction:

and

f@)=

f(2) =

heC

G +h) —f2) _

heC

ik h) ~f@)

t—)O
teR

oJEFD-f)
t

_ou

oxlz

_1

2
ox z

g
i\dy

o\ 19
dy| ~idy
= oxl’




On the other hand, if f is holomorphic,

gzl(au av)+i(av au):@ do I

dz ox (9_3/ ﬁ_a_y 8x+£ ox

(In the second form think of derivative in iy not y).
To compute f’(z) we can approach from any direction:

f(Z+h) —f@ _ fer) -

t—>0 t
teR

f@)=

heC
and

f(Z+h) - _ f(Z+lt) ~f@)

t—>0
heC teR

f(2) =

_du

oxlz

_1

2
ox z

g
i\dy

o\ 19
dy| ~idy
= oxl’




On the other hand, if f is holomorphic,

o L[, o0\, i(de_ou) _ou .ov_of  _1(ou dv) 1Jf
dz  2\odx dy dx dy) oJx ox ox “ilay oy) "oy
(In the second form think of derivative in iy not y).
To compute f’(z) we can approach from any direction:
P = i fCEAE O IQ) oy oy
= t dxlz oxlz oxly’
heC teR
and
(z+h)—£(z) (z+it)—f(z) 1 {odu .0V
= iDLy S0 10w
t—>0 it i\dylz 8}/
et teR



On the other hand, if f is holomorphic,

¥ _Lfou g0\ (% o\ _ou g0 o  _1(n, oo\ 1%
Jdz  2\ox dy ox dy| ox  ox ox Til\dy oy) oy
(In the second form think of derivative in iy not y).
To compute f’(z) we can approach from any direction:
P = i fCEAE O IQ) oy oy
= t dxlz oxlz oxly’
heC teR
and
(z+h)—£(z) (z+it)—f(z) 1 {odu .0V
= iDLy S0 10w
t—>0 it i\dylz 8}/ zz?y
et teR



On the other hand, if f is holomorphic,

¥ _Lfou g0\ (% o\ _ou g0 o  _1(n, oo\ 1%
Jdz  2\ox dy ox dy| ox  ox ox Til\dy oy) oy
(In the second form think of derivative in iy not y).
To compute f’(z) we can approach from any direction:
P = i fCEAE O IQ) oy oy
= t dxlz oxlz oxly’
heC teR
and
(z+h)—£(z) (z+it)—f(z) 1 {odu .0V
= iDLy S0 10w
t—>0 it i\dylz 8}/ zz?y
et teR

So for a holomorphic function

,_of
fr=5



The complex derivative f’, sometimes written as %, only exists for holomorphic functions.



if

The complex derivative f’, sometimes written as Z—Z, only exists for holomorphic functions.

The Wirtinger operators % and % make sense for every real differentiable function.



if

The complex derivative f’, sometimes written as Z—Z, only exists for holomorphic functions.

The Wirtinger operators % and % make sense for every real differentiable function.

For polynomials the operators work as if z and Z were separate variables. E.g. (exercise)

d
> [2223 + 210] = 227> +107° and % [2223 + Zlo] =2%(32%) +0.



if

The complex derivative f’, sometimes written as Z—Z, only exists for holomorphic functions.

The Wirtinger operators % and % make sense for every real differentiable function.

For polynomials the operators work as if z and Z were separate variables. E.g. (exercise)

d d
% [7°2° +2'°] =222 +102°  and > [2°2° + "] = 22(32%) +0.

So a holomorphic function is “one that does not depend on z.”



if

The complex derivative f’, sometimes written as Z—Z, only exists for holomorphic functions.

The Wirtinger operators % and % make sense for every real differentiable function.

For polynomials the operators work as if z and Z were separate variables. E.g. (exercise)

d d
— [2223 + 210] =227° +102° and — [2223 + zlo] =22(3z%) + 0.
Jz 0z

So a holomorphic function is “one that does not depend on z.”

Caution: Note that % [2223 + zlo] does not exist, while a% [2223 + zlo] does.
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Remark 1: If we write the real derivative Df|, as the map h +— Ch + &R, then
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Remark 3: The chain rule for real differentiable functions can be written as
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