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Recall that the residue theorem says that given a finite S ⊂ U, Γ a cycle in U \ S
homologous to zero in U, and f : U \ S → ℂ holomorphic,

1
2𝜋i

∫
Γ

f (z) dz =
∑
p∈S

n(Γ; p)Res(f ; p),

where the residue Res(f ; p) is the c−1 coefficient of the Laurent series at p.

c−1 has a formula in terms of an integral. So how is the residue theorem useful if it takes
an integral and replaces it with integrals?

Because we have lots of tricks to compute c−1. We’ll go over a few.
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Proposition
Suppose f is holomorphic in an open neighborhood of p and g is holomorphic with an isolated
singularity at p, then Res(f + g; p) = Res(g; p).

Proof: For a small enough 𝜖 > 0,

Res(f + g; p) = 1
2𝜋i

∫
𝜕Δ𝜖(p)

(
f (z) + g(z)

)
dz

=
���������:01
2𝜋i

∫
𝜕Δ𝜖(p)

f (z) dz + 1
2𝜋i

∫
𝜕Δ𝜖(p)

g(z) dz = Res(g; p). □
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Proposition
Suppose f has a pole at p. If p is a simple pole of f , then Res(f ; p) = lim

z→p
(z − p)f (z).

If p is a pole of f of order k, then Res(f ; p) = 1
(k − 1)! lim

z→p

dk−1

dzk−1

[
(z − p)kf (z)

]
.

Proof: Exercise.

Proposition
Suppose f (z) = h(z)

g(z) where h and g are holomorphic at p and g has a simple zero at p. Then

Res(f ; p) = h(p)
g′(p) .

Proof: Exercise.
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Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i)

=
i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 ,

Res
(

1
1 + z2 ; i

)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)

=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz

=

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



Example: ∫ ∞

−∞

1
1 + x2 dx.

(Yes, I know you can compute this in other ways, but it’s nice and simple.)

Let Γr = [−r, r] + 𝛾r, where 𝛾r(t) = reit for t ∈ [0,𝜋]

r−r

𝛾r

−i

i

“complexify” 1
1 + x2 to make it 1

1 + z2 .

1
1 + z2 =

1
(z + i)(z − i) =

i
2

1
z + i

− i
2

1
z − i

Two singularities, ±i, both simple poles.
n(Γr; i) = 1 and n(Γr;−i) = 0 (exercise).

Let’s compute the residue at i in two ways.

Res
(

1
1 + z2 ; i

)
= Res

(
−i
2

1
z − i

; i
)
=

−i
2 , Res

(
1

1 + z2 ; i
)
= lim

z→i

z − i
1 + z2 =

1
2i

=
−i
2 .

Compute: 𝜋 = 2𝜋i Res
(

1
1 + z2 ; i

)
=

∫
Γr

1
1 + z2 dz =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞.

Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋.

On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.

����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx

= lim
r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx

= 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



𝜋 =

∫ r

−r

1
1 + x2 dx +

∫
𝛾r

1
1 + z2 dz.

Want to take the limit r → ∞. Assume r > 1.

Length of 𝛾r is r𝜋. On 𝛾r, |1 + z2 | ≥ r2 − 1.����∫
𝛾r

1
1 + z2 dz

���� ≤ r𝜋 1
r2 − 1

→
as r→∞

0.

So ∫ ∞

−∞

1
1 + x2 dx = lim

r→∞

∫ r

−r

1
1 + x2 dx = 𝜋.

Minor technicality: Why the symmetric limit is sufficient?



Sometimes we just recognize a path integral.

Often, integrals of trigonometric functions are integrals over the unit circle.
On the unit circle z̄ = 1/z. So if z = ei�, cos� = Re z =

z+1/z
2 and sin� = Im z =

z−1/z
2i .

Example: Suppose c > 1.∫ 2𝜋

0

1
c + cos� d� =

∫
𝜕𝔻

1
c + z+1/z

2

1
iz

dz = −2i
∫
𝜕𝔻

1
z2 + 2cz + 1

dz.

1
z2 + 2cz + 1

has two poles: −c ±
√

c2 − 1, one inside and one outside the unit circle.∫ 2𝜋

0

1
c + cos� d� = (−2i)(2𝜋i)Res

(
1

z2 + 2cz + 1
;−c +

√
c2 − 1

)
=

2𝜋√
c2 − 1

.
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A common computation via the residue theorem are inverse Laplace transforms.
Mellin’s inversion formula says that given a transform F(s), the original f (t) is given by

f (t) = ℒ−1 [F(s)] = 1
2𝜋i

lim
r→∞

∫ c+ir

c−ir
estF(s) ds

for some c ∈ ℝ (usually c ≥ 0) is the inverse.

As an exercise, try your hand at computing a few. Say

ℒ−1
[

1
s(s + 1)

]
, or ℒ−1

[
s2

(s + 2)2(s2 + 1)

]
.

Hint: Pick the correct vertical line (pick a c) and an arc that goes around all the poles.
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