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Before we look at power series, let us look at zn.

If z = rei𝜃, then
zn = rnein𝜃 .

nth power multiplies the angle by n.

So z2 takes sectors with vertex at the origin and doubles their angle.

z2 takes the sector −𝜋
4 ≤ Arg z ≤ 𝜋

4
to the closed right half-plane
{z ∈ ℂ : Re z ≥ 0}.

It takes the first quadrant {z ∈ ℂ : Re z ≥ 0, Im z ≥ 0}
to the closed upper half-plane {z ∈ ℂ : Im z ≥ 0}.

It takes the second quadrant {z ∈ ℂ : Re z ≤ 0, Im z ≥ 0}
to the closed lower half-plane {z ∈ ℂ : Im z ≤ 0}.

Etc.
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z ↦→ zn is n-to-1 (except at 0):

For each w = rei𝜃 ≠ 0, there are n distinct nth roots

r1/nei𝜃/n , r1/nei𝜃/n+2𝜋i/n , . . . , r1/nei𝜃/n+2𝜋i(n−1)/n.

r1/8They are equally spaced out on a circle of radius r1/n.

E.g., in the picture, n = 8, 𝜃 = 0:

r1/8, r1/8ei𝜋/4, r1/8ei𝜋/2, etc.

The roots of w = 1 are called the roots of unity.
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The following useful statements about zn are left as an exercise:

If |z| < 1, then lim
n→∞

zn = 0.

If |z| > 1, then lim
n→∞

zn = ∞.

If z ≠ 1 is such that |z| = 1, then zn diverges as n → ∞.
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A power series around p ∈ ℂ is

∞∑
n=0

cn(z − p)n , where cn ∈ ℂ.

The series defines a function of z (where it converges).

It always converges (to c0) if z = p.

We say a power series is convergent if it converges for any z ≠ p.
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The only power series we really honestly know how to sum is the:

Proposition (Geometric series)

(i) For z ∈ 𝔻, 1
1 − z

=

∞∑
n=0

zn.

(ii) For z ∉ 𝔻,
∞∑

n=0
zn diverges.

(iii) Given 0 < r < 1, then for all z ∈ Δr(0),
����� 1
1 − z

−
m∑

n=0
zn

����� ≤ rm+1

1 − r
.

Consequently, as rm+1

1−r → 0, the geometric series converges uniformly on Δr(0).

Proof: All three items follow (details an exercise) from

1 + z + z2 + · · · + zm =
1 − zm+1

1 − z
, for all z ≠ 1,

which follows by expanding (1 − z)(1 + z + z2 + · · · + zm). □
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A power series converges absolutely if

∞∑
n=0

|cn | |z − p|n converges.

For N < M, ����� M∑
n=N+1

cn(z − p)n
����� ≤ M∑

n=N+1
|cn | |z − p|n.

Hence, if the sequence of partial sums of
∑|cn | |z − p|n is Cauchy,

so is the sequence of partial sums of
∑

cn(z − p)n.

Thus, an absolutely convergent series converges.
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