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Arzelà–Ascoli (on compact sets):
(pointwise) bounded and equicontinuous ⇒ (uniformly) convergent subsequence.

We have a lemma about subsequences for functions on countable sets, so. . .

Proposition
A compact metric space X contains a countable dense subset: ∃ countable D ⊂ X such that D = X.

Proof: Notation: B(x, 𝛿) =
{
y ∈ X : d(x, y) < 𝛿

}
ball of radius 𝛿.

X compact ⇒ ∀ n ∈ ℕ, ∃ xn,1 , xn,2 , . . . , xn,kn ∈ X such that

X = B(xn,1 , 1/n) ∪ B(xn,2 , 1/n) ∪ · · · ∪ B(xn,kn , 1/n)

Let D =

∞⋃
n=1

{xn,1 , xn,2 , . . . , xn,kn} (D is countable).

∀x ∈ X, 𝜖 > 0, ∃ n ∈ ℕ with 1/n < 𝜖 and xn,j ∈ D such that x ∈ B(xn,j , 1/n) ⊂ B
(
xn,j , 𝜖

)
.

⇒ x ∈ D. □
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Theorem (Arzelà–Ascoli)
Let (X, d) be a compact metric space, and let {fn} be pointwise bounded and equicontinuous
sequence of functions fn : X → ℂ. Then {fn} is uniformly bounded and {fn} contains a uniformly
convergent subsequence.

Proof: X compact ⇒ {fn} uniformly equicontinuous ⇒ ∃ 𝛿 > 0 such that

B(x, 𝛿) ⊂ f−1
n

(
B(fn(x), 1)

)
for all x ∈ X, n ∈ ℕ

∃ x1 , x2 , . . . , xk such that X = B(x1 , 𝛿) ∪ B(x1 , 𝛿) ∪ · · · ∪ B(xk , 𝛿).
{fn} pointwise bounded ⇒ ∃ M such that |fn(xℓ )| ≤ M ∀n ∈ ℕ, ℓ = 1, . . . , k.
If x ∈ X, x ∈ B(xℓ , 𝛿) for some ℓ ⇒ ∀ n, |fn(x) − fn(xℓ )| < 1.
⇒ |fn(x)| < 1 + |fn(xℓ )| ≤ 1 + M
⇒ {fn} uniformly bounded.

Let D ⊂ X be dense and countable.
∃ a subsequence {fnj} that converges pointwise on D. Write gj = fnj .
{gn} is uniformly equicontinuous ⇒ Given 𝜖 > 0, ∃ 𝛿 > 0 such that

B(x, 𝛿) ⊂ g−1
n
(
B(gn(x), 𝜖/3)

)
for all x ∈ X, n ∈ ℕ.
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Corollary (Arzelà–Ascoli)
Let U ⊂ ℂ be open and let {fn} be pointwise bounded and equicontinuous sequence of functions
fn : U → ℂ. Then {fn} contains a subsequence that converges uniformly on compact subsets.

Proof: d(z, 𝜕U) = distance to the boundary of U. Define

Kn = {z ∈ U : d(z, 𝜕U) ≥ 1/n and |z| ≤ n} .

Kn is compact (it is closed in ℂ and bounded), U =
⋃

Kn,
K◦
ℓ
= {z ∈ U : d(z, 𝜕U) > 1/ℓ and |z| < ℓ} (exercise), Kℓ ⊂ K◦

ℓ+1, and U =
⋃

K◦
ℓ
.

Arzelà–Ascoli theorem on compact sets ⇒
∃ subsequence {f1,n} of {fn} converging uniformly on K1.
∃ subsequence {f2,n} of {f1,n} converging uniformly on K2, and so on.

Consider {fn,n}. Any compact K ⊂ U is in some K◦
ℓ

(open cover).
The tail {fn,n}∞n=ℓ is a subsequence of {fℓ ,n}∞n=1.
⇒ {fn,n} uniformly convergent on Kℓ and thus on K. □
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Exercise: Suppose that fn : [0, 1] → ℂ are functions that are pointwise bounded, (real)
differentiable, and for some M > 0, we have |f ′n(t)| ≤ M for all t ∈ [0, 1] and all n. Prove that
there exists a subsequence that converges uniformly on [0, 1].

Exercise: Suppose fn : 𝜕𝔻 → ℂ are uniformly bounded continuous functions. Let g(z,w)
be a continuous function on 𝔻 × 𝜕𝔻. Define Fn : 𝔻 → ℂ by

Fn(z) =
∫
𝜕𝔻

fn(w) g(z,w) dw.

Show that {Fn} has a uniformly convergent subsequence.

Exercise: Suppose (X, d) is a compact metric space and {fn} an equicontinuous sequence of
functions on X. If {fn} converges pointwise, show that it converges uniformly.
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