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The lower inequality follows in the same way.
As S < R was arbitrary, the theorem follows by taking a limit.
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Remark: We got an explicit (if not optimal) C.
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assumed to be connected.

Exercise: Find the following counterexample of Harnack’s inequality if f is not assumed to
be nonnegative. For every M > 0 find a harmonic function f: D — R such that f(0) = 1
and f(1/2) > M.

Exercise: Use Harnack’s inequality to prove Liouville’s theorem for harmonic functions:
If f: C — R is harmonic and nonnegative, then f is constant.



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo <f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic

f+ U — R uniformly on compact subsets.




Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo <f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic

f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,,(p) = +oo for some p,



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.
Harnack’s inequality = f,(p) < supfu(z) < C ian fulz) < C inI£ fu(2).
z€K’ Z€

zeK’



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.
Harnack’s inequality = fu(p) < supfu(z) < Cinf f,(z) < Cinff,(2).
€K’ zeK’ zeK

= fu(z) = +oco uniformly for z € K.



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.

Harnack’s inequality = f,(p) < supfu(z) < C ian fulz) < C inI£ fu(2).
z€K’ Z€

zeK’

= fu(z) = +oco uniformly for z € K.

Suppose f(z) = lim f,,(z) < +oco for every z € U.



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.

Harnack’s inequality = fu(p) < supfu(z) < Cinf f,(z) < Cinff,(2).
€K’ zeK’ zeK

= fu(z) = +oco uniformly for z € K.

Suppose f(z) = lim f,,(z) < +oco for every z € U.

Let K ¢ U be compact, take the C from Harnack’s, and take any p € K.



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.
Harnack’s inequality = fu(p) < supfu(z) < Cinf f,(z) < Cinff,(2).
€K’ zeK’ zeK
= fu(z) = +oco uniformly for z € K.
Suppose f(z) = lim f,,(z) < +oco for every z € U.

Let K ¢ U be compact, take the C from Harnack’s, and take any p € K.
Given € > 0, suppose m > n are such that f,,(p) — fu(p) < €/c,



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.
Harnack’s inequality = fu(p) < supfu(z) < Cinf f,(z) < Cinff,(2).
€K’ zeK’ zeK
= fu(z) = +oco uniformly for z € K.
Suppose f(z) = lim f,,(z) < +oco for every z € U.

Let K ¢ U be compact, take the C from Harnack’s, and take any p € K.
Given € > 0, suppose m > n are such that f,,(p) — fu(p) < €/c, then

sup (fu(z) — fu(2)) < Cigg(fm(z) ~ fa(2))

zeK



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.
Harnack’s inequality = fu(p) < supfu(z) < Cinf f,(z) < Cinff,(2).
€K’ zeK’ zeK
= fu(z) = +oco uniformly for z € K.
Suppose f(z) = lim f,,(z) < +oco for every z € U.

Let K ¢ U be compact, take the C from Harnack’s, and take any p € K.
Given € > 0, suppose m > n are such that f,,(p) — fu(p) < €/c, then

Sup(fm(z) _fn(z)) < C;g[g(fm(z) _fn(z)) < C(fm(p) _fn(P)) <e.

zeK



Theorem (Harnack’s principle)

Let U c C be a domain and {f,} a sequence of harmonic functions on U such that
fi < fo < f3 < ---. Then either f, — +oo uniformly on compact subsets, or f, — f for a harmonic
f+ U — R uniformly on compact subsets.

Proof: WLOG assume f, > 0 for all n. (Otherwise apply to f, — f1).
By the monotonicity, {f,} converges pointwise (possibly to +co).
If lim f,(p) = 400 for some p, let K € U be any compact and let K’ = KU {p}.
Harnack’s inequality = fu(p) < supfu(z) < Cinf f,(z) < Cinff,(2).
€K’ zeK’ zeK
= fu(z) = +oco uniformly for z € K.
Suppose f(z) = lim f,,(z) < +oco for every z € U.
Let K ¢ U be compact, take the C from Harnack’s, and take any p € K.
Given € > 0, suppose m > n are such that f,,(p) — fu(p) < €/c, then

Sup(fm(z) _fn(z)) < C;g[g(fm(z) _fn(z)) < C(fm(p) _fn(p)) <e.

zeK

= {f} is uniformly Cauchy on K
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f is harmonic by Harnack’s first theorem. |



Exercise: Prove yet another version of Harnack’s principle. Suppose U C C is a domain,
{fu} is a sequence of nonnegative harmonic functions on U, and p € U is fixed.

a) If fu(p) — +oo, then {f,} converges to +co uniformly on compact subsets.

b) If f: U — Ris harmonic, f,(z) < f(z) for all z € U, and f,(p) — f(p), then {f,.}
converges to f uniformly on compact subsets.



Exercise: Prove yet another version of Harnack’s principle. Suppose U C C is a domain,
{fu} is a sequence of nonnegative harmonic functions on U, and p € U is fixed.

a) If fu(p) — +oo, then {f,} converges to +co uniformly on compact subsets.

b) If f: U — Ris harmonic, f,(z) < f(z) for all z € U, and f,(p) — f(p), then {f,.}
converges to f uniformly on compact subsets.

Exercise: Prove a Montel-like theorem for harmonic functions. Suppose U C Cis a
domain and {f,} is a sequence of nonnegative harmonic functions. Show that at least one
(or both) of the following are true:

(i) 3 asubsequence converging to +oco uniformly on compact subsets.

(ii) 3 a subsequence converging to a harmonic function uniformly on compact subsets.



