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Etc.
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z — z" is n-to-1 (except at 0):

For each w = re'? # 0, there are n distinct n' roots
PAlngi0/n A fngi0/na2mifn 00 /ne2mi(n=1)/n

They are equally spaced out on a circle of radius r'/".

E.g., in the picture,n = 8,6 = 0:

P18 pL8pin/4 (1/84i/2 atc.

The roots of w = 1 are called the roots of unity.
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If |z| <1, then lim z" = 0.

n—oo

If |z| > 1, then lim z" = co.

n—o0

If z # 1 is such that |z| = 1, then z" diverges as n — co.
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A power series around p € C is

[s+]

Z cn(z—p)", where ¢, € C.
n=0

The series defines a function of z (where it converges).

It always converges (to o) if z = p.

We say a power series is convergent if it converges for any z # p.
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Consequently, as @ — 0, the geometric series converges uniformly on A,(0).
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(iii) Given 0 <r <1, then for all z € A,(0), —

—_

Proof: All three items follow (details an exercise) from

1+Z+22+"'+Z = o fOI'allZ:)tl,

which follows by expanding (1 —z)(1 +z + 22 + - - - +z™).
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A power series converges absolutely if

0
Zlcnllz —p|" converges.
n=0
For N < M,
M M
D az-p)|< D) ledlz=pl"
n=N+1 n=N+1

Hence, if the sequence of partial sums of }’|c,||z — p|" is Cauchy,
so is the sequence of partial sums of Y, c,(z —p)".

Thus, an absolutely convergent series converges.



