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Hooke’s law: Force exerted by the spring is proportional to compression spring: —kx.
Force exerted by damping is proportional to the velocity of mass: —cx’.
Newton's second law: Force equals mass times acceleration:

mx"” = F(t) — cx’ — kx or mx” + cx’ + kx = F(¢).

Second order, linear, constant coefficient ODE.

Motion is: forced it F #£ 0, and unforced or freeif F = 0
damped if c > 0, and undamped if ¢ = 0.
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Resistor: R ohms.

Inductor: L henries.

Capacitor: C farads.

Electrical source: E(t) volts.

Q(f) = charge on the capacitor in coulombs.
I(t) = current in the circuit in amperes.

The basic relationships: Q' = and LI’ + RI + Q/c = E.

Differentiate to get
LI"(t) + RI'(t) + él(t) =E'(b).
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Linearized pendulum:

m = mass.

6(t) = angle the pendulum makes with vertical.
L = length of the pendulum (meters).

g = force of gravity.

Via Newton’s second: force —mg sin 6 equals
mass m times acceleration LO":

mLO"” = —mg sin 6 or 0" + %Sin 6 =0.

Nonlinear!

But! For O small, 6 ~sinf

So as long as 0 is small we have roughly:

” g _
0 +L9_O.




We consider free motion, F = 0.



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:

mx” +kx = 0.



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X+ wlx = 0.



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X"+ a)éx =0.

The general solution is the simple harmonic motion:

x(t) = A cos(wot) + B sin(wot)



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X"+ a)éx =0.

The general solution is the simple harmonic motion:

x(t) = A cos(wgt) + B sin(wot) or x(t) = Ccos(wot — y)



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X"+ a)éx =0.

The general solution is the simple harmonic motion:
x(t) = A cos(wgt) + B sin(wot) or x(t) = Ccos(wot — y)

First form easier to solve for initial conditions, second form natural.



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X"+ a)(z)x =0.

The general solution is the simple harmonic motion:
x(t) = A cos(wgt) + B sin(wot) or x(t) = Ccos(wot — y)

First form easier to solve for initial conditions, second form natural.

wy is the (natural) angular frequency (radians per time).



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X"+ a)(z)x =0.

The general solution is the simple harmonic motion:
x(t) = A cos(wgt) + B sin(wot) or x(t) = Ccos(wot — y)

First form easier to solve for initial conditions, second form natural.

wy is the (natural) angular frequency (radians per time).

C = VA? + B? is the amplitude.



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X+ wlx = 0.
The general solution is the simple harmonic motion:

x(t) = A cos(wgt) + B sin(wot) or x(t) = Ccos(wot — y)

First form easier to solve for initial conditions, second form natural.

wy is the (natural) angular frequency (radians per time).
C = VA? + B? is the amplitude.
y is the phase shift.



We consider free motion, F = 0. We start with free undamped motion, ¢ = 0:
mx” +kx = 0.

Let wg = v/k/m and write
X"+ a)(z)x =0.

The general solution is the simple harmonic motion:
x(t) = A cos(wgt) + B sin(wot) or x(t) = Ccos(wot — y)

First form easier to solve for initial conditions, second form natural.

wy is the (natural) angular frequency (radians per time).
C = VA? + B? is the amplitude.
y is the phase shift.

Note: frequency (cycles per unit time) is angular frequency over 27 (radians per cycle): %.
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mx” +kx = 0.

Let wg = v/k/m and write
X"+ a)(z)x =0.

The general solution is the simple harmonic motion:
x(t) = A cos(wgt) + B sin(wot) or x(t) = Ccos(wot — y)

First form easier to solve for initial conditions, second form natural.

wy is the (natural) angular frequency (radians per time).
C = VA? + B? is the amplitude.
y is the phase shift.

Note: frequency (cycles per unit time) is angular frequency over 27 (radians per cycle): %.

Note: period is the reciprocal of frequency (time of one cycle): i)_n
0
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Example: Suppose m = 2kg and k = 8 N/m.

The setup sits on a truck travelling at 1m/s.

The truck crashes and suddenly stops.

The mass was 0.5 meters forward from the rest position and got loose during the crash and
is now moving forward at 1 m/s.

What is the frequency of the oscillation? " 2 e e 20,
What is the amplitude?

The problem is
2x”+8x=0, x(0)=0.5, x'(0)=1.

Angular frequency wp = Vk/m = V4 = 2.
Frequency in Hertz: 2/2z = 1/n = 0.318.

The general solution is: x(f) = A cos(2t) + B sin(2¢).
x(0)=05 = A=0.5.
x'(t) = =2(0.5) sin(2t) + 2Bcos(2t). x’(0)=1 = B=0.5.

The amplitude is C = VA2 + B2 = 10.25 + 0.25 = V0.5 ~ 0.707 meters.
Solution is:  x(t) = 0.5 cos(2f) + 0.5 sin(2t)
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Calculators and computer software often have a function like atan2 (A, B) that computes ).



