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Review: Given ay′′ + by′ + cy = 0

Try y = erx: ar2erx + brerx + cerx = 0

Divide by erx to get the characteristic equation of the ODE:

ar2 + br + c = 0.

Solve for the r: r1 , r2 =
−b ±

√
b2 − 4ac

2a
.

⇒ er1x and er2x are linearly independent solutions.

If r = r1 = r2, then erx and xerx are linearly independent solutions.

But, what if the characteristic equation has no real roots? E.g., r2 + 1 = 0.



Review: Given ay′′ + by′ + cy = 0

Try y = erx: ar2erx + brerx + cerx = 0

Divide by erx to get the characteristic equation of the ODE:

ar2 + br + c = 0.

Solve for the r: r1 , r2 =
−b ±

√
b2 − 4ac

2a
.

⇒ er1x and er2x are linearly independent solutions.

If r = r1 = r2, then erx and xerx are linearly independent solutions.

But, what if the characteristic equation has no real roots? E.g., r2 + 1 = 0.



Review: Given ay′′ + by′ + cy = 0

Try y = erx: ar2erx + brerx + cerx = 0

Divide by erx to get the characteristic equation of the ODE:

ar2 + br + c = 0.

Solve for the r: r1 , r2 =
−b ±

√
b2 − 4ac

2a
.

⇒ er1x and er2x are linearly independent solutions.

If r = r1 = r2, then erx and xerx are linearly independent solutions.

But, what if the characteristic equation has no real roots? E.g., r2 + 1 = 0.



Review: Given ay′′ + by′ + cy = 0

Try y = erx: ar2erx + brerx + cerx = 0

Divide by erx to get the characteristic equation of the ODE:

ar2 + br + c = 0.

Solve for the r: r1 , r2 =
−b ±

√
b2 − 4ac

2a
.

⇒ er1x and er2x are linearly independent solutions.

If r = r1 = r2, then erx and xerx are linearly independent solutions.

But, what if the characteristic equation has no real roots? E.g., r2 + 1 = 0.



Review: Given ay′′ + by′ + cy = 0

Try y = erx: ar2erx + brerx + cerx = 0

Divide by erx to get the characteristic equation of the ODE:

ar2 + br + c = 0.

Solve for the r: r1 , r2 =
−b ±

√
b2 − 4ac

2a
.

⇒ er1x and er2x are linearly independent solutions.

If r = r1 = r2, then erx and xerx are linearly independent solutions.

But, what if the characteristic equation has no real roots? E.g., r2 + 1 = 0.



Review: Given ay′′ + by′ + cy = 0

Try y = erx: ar2erx + brerx + cerx = 0

Divide by erx to get the characteristic equation of the ODE:

ar2 + br + c = 0.

Solve for the r: r1 , r2 =
−b ±

√
b2 − 4ac

2a
.

⇒ er1x and er2x are linearly independent solutions.

If r = r1 = r2, then erx and xerx are linearly independent solutions.

But, what if the characteristic equation has no real roots? E.g., r2 + 1 = 0.



r2 + 1 = 0 has complex roots. If i is such that i2 = −1, then i2 + 1 = 0 and (−i)2 + 1 = 0.

Remark: Engineers sometimes use j instead of i.

More generally, complex numbers are just a pair of real numbers (a, b), where we decree that

(a, b) + (c, d) def
= (a + c, b + d) and (a, b) × (c, d) def

= (ac − bd, ad + bc)

For real numbers we say a = (a, 0), and we write i = (0, 1).
Then i2 = i × i = (0, 1) × (0, 1) = (−1, 0) = −1.

We write a + ib = (a, b).
a is the real part, write Re(a + ib) = a.
b is the imaginary part, write Im(a + ib) = b.

Example: (2 + 3i)(4i) − 5i = (2 × 4)i + (3 × 4)i2 − 5i = 8i + 12(−1) − 5i = −12 + 3i

Example: (3 + 2i)(3 − 2i) = 32 − (2i)2 = 32 + 22 = 13

Example: 1
3 − 2i

=
1

3 − 2i
3 + 2i
3 + 2i

=
3 + 2i

13 =
3
13 + 2

13 i.
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The exponential should satisfy ex+y = exey.

So ea+ib = eaeib.

Euler’s formula: ei𝜃 = cos𝜃 + i sin𝜃 and e−i𝜃 = cos𝜃 − i sin𝜃

⇒ ea+ib = eaeib = ea(cos b + i sin b) = ea cos b + iea sin b

Exercise: Check the identities: cos𝜃 =
ei𝜃 + e−i𝜃

2 and sin𝜃 =
ei𝜃 − e−i𝜃

2i
.

Remark: Most trig identities follow from ez+w = ezew for complex numbers.
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ay′′ + by′ + cy = 0 has the characteristic equation ar2 + br + c = 0.

Suppose the roots are complex, that is, b2 − 4ac < 0.

The roots are (quadratic formula) r1 , r2 =
−b ±

√
b2 − 4ac

2a
=

−b
2a

± i
√

4ac − b2

2a
.

The roots are always a pair of the form 𝛼 ± i𝛽.

The general solution is y = C1e(𝛼+i𝛽)x + C2e(𝛼−i𝛽)x.

The exponential is complex valued and so must be C1, C2. Let’s do better.

Write y1 = e(𝛼+i𝛽)x = e𝛼x cos(𝛽x) + ie𝛼x sin(𝛽x), y2 = e(𝛼−i𝛽)x = e𝛼x cos(𝛽x) − ie𝛼x sin(𝛽x).

These are also solutions: y3 =
y1 + y2

2 = e𝛼x cos(𝛽x) y4 =
y1 − y2

2i
= e𝛼x sin(𝛽x)

Theorem
If the characteristic equation has the roots 𝛼 ± i𝛽 (i.e., b2 − 4ac < 0), then the general solution is

y = C1e𝛼x cos(𝛽x) + C2e𝛼x sin(𝛽x).
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The roots are always a pair of the form 𝛼 ± i𝛽.

The general solution is y = C1e(𝛼+i𝛽)x + C2e(𝛼−i𝛽)x.

The exponential is complex valued and so must be C1, C2. Let’s do better.

Write y1 = e(𝛼+i𝛽)x = e𝛼x cos(𝛽x) + ie𝛼x sin(𝛽x), y2 = e(𝛼−i𝛽)x = e𝛼x cos(𝛽x) − ie𝛼x sin(𝛽x).

These are also solutions: y3 =
y1 + y2

2

= e𝛼x cos(𝛽x) y4 =
y1 − y2

2i
= e𝛼x sin(𝛽x)

Theorem
If the characteristic equation has the roots 𝛼 ± i𝛽 (i.e., b2 − 4ac < 0), then the general solution is

y = C1e𝛼x cos(𝛽x) + C2e𝛼x sin(𝛽x).
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Example: Solve y′′ + k2y = 0, for a constant k > 0.

Characteristic equation is r2 + k2 = 0, roots are r = ±ik, the general solution is

y = C1 cos(kx) + C2 sin(kx).

Example: Solve y′′ − 6y′ + 13y = 0, y(0) = 0, y′(0) = 10.

Characteristic equation is r2 − 6r + 13 = 0.
Complete the square (r − 3)2 + 22 = 0, so r = 3 ± 2i, the general solution is

y = C1e3x cos(2x) + C2e3x sin(2x).

0 = y(0) = C1e0 cos 0 + C2e0 sin 0 = C1 ⇒ C1 = 0 and y = C2e3x sin(2x).
y′ = 3C2e3x sin(2x) + 2C2e3x cos(2x) ⇒ 10 = y′(0) = 2C2, or C2 = 5.

The solution is
y = 5e3x sin(2x)
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Complex numbers are useful also for the Cauchy–Euler equations.

Exercise: Suppose (b − a)2 − 4ac < 0. Find a formula for the general solution of
ax2y′′ + bxy′ + cy = 0. Hint: Try y = xr and note xr = er ln x.

Try it with something simple like x2y′′ + y = 0.



Complex numbers are useful also for the Cauchy–Euler equations.

Exercise: Suppose (b − a)2 − 4ac < 0. Find a formula for the general solution of
ax2y′′ + bxy′ + cy = 0. Hint: Try y = xr and note xr = er ln x.

Try it with something simple like x2y′′ + y = 0.


