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An integral is a way to “sum” or “average” the values of a function.
Integral is not the antiderivative!

An antiderivative can be computed via an integral,
but an integral does a lot more.

In our setting, an integral is the “area under the curve”

We will follow the Darboux approach rather than Riemann approach,
they are equivalent.



Definition
A partition P of the interval [a, b] is a finite set {xo, X1, X2, . .., X, } such that

A=xp<Xx1<Xp<--+<Xp_1<x,="0
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Definition
A partition P of the interval [a, b] is a finite set {xo, X1, X2, . .., X, } such that

A=x9<x1<Xxp<--<xy1<x,=0.

We write
Ax; = x; — Xxi_1.

Letf: [a,b] — R be a bounded function. Let P be a partition of [a, b]. Define

m; = inf {f(x) 1Xi-1 S x < Xi}, M; = sup {f(x) X1 <x < xi},
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Definition
A partition P of the interval [a, b] is a finite set {xo, X1, X2, . .., X, } such that

A=x9<x1<Xxp<--<xy1<x,=0.

We write
Ax; = x; — Xxi_1.

Letf: [a,b] — R be a bounded function. Let P be a partition of [a, b]. Define

m; = inf {f(x) : xi-1 < x < x3}, M; = sup {f(x) : xi-1 < x <%},
n n

L(P,f) = Z miAx;, U(P,f) = Z MiAx;.
i=1 i=1

We call L(P, f) the lower Darboux sum and U(P, f) the upper Darboux sum.
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Let f: [a,b] — R be a bounded function. Let m, M € R be such that for all x € [a, b], we have
m < f(x) < M. Then for every partition P of [a, b],

m(b—a) < L(P,f) < U(P,f) < M(b—a).
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Proposition

Let f: [a,b] — R be a bounded function. Let m, M € R be such that for all x € [a, b], we have
m < f(x) < M. Then for every partition P of [a, b],

m(b—a) < L(P,f) < U(P,f) < M(b—a).

Proof: Let P be a partition of [a, b].
m < m; for alli and M; < M for all i.
m; < M; for all i.

iy Axi = (b—a).

= mb-a)=m (z”] Axl-) = 2"1 mAx; < 2”1 miAx;
i=1 =1 i=1
l n Z n n
< ZMiAxi < ZMAxi =M (Z Axi) = M(b — a).
i=1 i=1 i=1

In particular, the set of lower and upper sums are bounded sets.
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Definition
As the sets of lower and upper Darboux sums are bounded, we define

b
/ f(x)dx = sup {L(P,f) : P a partition of [a, b]},

T ab
/ f(x)dx := inf {U(P,f) : P a partition of [a, b]}.

We call f the lower Darboux integral and 7 the upper Darboux integral. To avoid worrying

about the variable of integration, we often simply write

/Lbf = /Lbf(x)dx and Tf = ff(x)dx.

Remark: If f: S — R and [a,b] C S, use f][, ). But we'll just write fﬂbf and fabf



Example: Take the Dirichlet function f: [0,1] — R, where f(x) := 1if x € Q and f(x) := 0 if
x¢ Q.
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Example: Take the Dirichlet function f: [0,1] — R, where f(x) := 1if x € Q and f(x) := 0 if

x ¢ Q. Then L
1 1

/f:O and /le.
J0 0

Proof: Take any partition P. For every i,
m; = inf{f(x) (X € [x,-_1,x,-]} =0 and M; = sup{f(x) 1X € [xi_l,xl-]} =1
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Example: Take the Dirichlet function f: [0,1] — R, where f(x) := 1if x € Q and f(x) := 0 if

x ¢ Q. Then L
1 1

/f:O and /le.
J0 0

Proof: Take any partition P. For every i,
m; = inf{f(x) (X € [x,-_1,x,-]} =0 and M; = sup{f(x) 1X € [xi_l,xi]} =1

n n n
= L(P,f):ZO-Axi:O, and U(P,f)zZl-Axi:ZAx,-:l. O
i=1 =1 i=1
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Let f: [a,b] — R be bounded, P a partition of [a, b], P a refinement of P. Then

L(P,f) <L(P,f) and  U(P,f) < U(PD,f).

Proof: Suppose P= {x0,x1,...,%¢} is a refinement of P = {xg,x1,...,X,}.
= xg9=xpand x, = Xx.

There are integers ko < k1 < --- < k, such that x; =%y, fori =0,1,2,...,n
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Y3 Ax, 2 Ax Ml AR, Xq
| | % |
Xiq Ax; b
ki

Axl- =Xi—Xi-1 = kai —kal._l = Z ’qu _’iq—l



Proposition

Let f: [a,b] — R be bounded, P a partition of [a, b], P a refinement of P. Then

L(P,f) < L(P,f)

and ~ U(P,f) < U(P,f).

Proof: SupposeP {x0,x1,...

= xg9=xpand x, = Xx.

There are integers kg < ky < - -

Let Ax; = x; — x;-1 and AX, = X; — X;-1.

,x¢} is a refinement of P = {xg, x1,...,X,}.

< ky such thatx; =X, fori=0,1,2,...,n

’fki—l Eki
I I
Y3 Ax, 2 Ax Ml AR, Xq
T | | |
Xi-1 Ax; X
k,' ki
AXj =X — Xi1 = X — Xy = Z Xg = Xg-1 = Z Axg.

q:k,;l +1

q:ki,l +1



Xk,
I 1l
xq—3 A‘fq_z Xq—Z A—fq—l q-1 A’fq x‘7
f | ! |
[ ! T {

Xi-1 Ax;

Xi
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Xk;
I I
Yo an, B an o an
T % % T
Xi-1 Ax; X;

Letm; = inf{f(x) txi1 <x< x,-} and n~1q = inf{f(x) ;}q_l <x< ’Eq}-
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m; < ﬁiq forki.1 <gq < k.

ki ki ki
= miAx; =m; Z A’Q‘Ciq = Z miqu < Z TnﬁqAEq.
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= L(P,f) = Z m;Ax;
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Let m; := inf{f(x) : x;-1 < x < x;} and 71, = inf{f(x) : Tpm1 < x <7}
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= miAx; =m; Z A§q= Z miAEEqS Z TnﬁqA%q.
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Xk Xk;
I I

Y3 Axg, M2 A Mgl A, X
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J
Xi1 Ax; X

Let m; := inf{f(x) : x;-1 < x < x;} and 71, = inf{f(x) : Tpm1 < x <7}

m; < ﬁiq forki1 < g <k;.

ki ki ki
= miAx; =m; Z A§q= Z miAEEqS Z TnﬁqA%q.

q=k,‘,] +1 q=ki,1 +1 q=k,',1 +1

= LP,f)= Zm,Axl < Z Z ity AR, ququ = L(D,f).
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Xk Xk,
I [
Y3 Axg, M2 A Mgl A, X
[ Il Il 1
T T

J
Xi1 Ax; X

Let m; := inf{f(x) : x;-1 < x < x;} and 71, = inf{f(x) : Tpm1 < x <7}

m; < ﬁiq forki1 < g <k;.

ki ki ki
= miAx; =m; Z A¥q= Z miquS Z TnﬁqA%q.

q=k,‘,1+1 q=ki,1+1 q=k,',1+1
= L(Pf)= Z miAx; < Z Z Ty A%, = Z gA%, = L(P, f).
i=1 q= kl 1+1

ue, f) < U(P,f) is left as an exercise.
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Let f: [a,b] — R be bounded. Let m, M € R be such thatfor all x € [a,b], we have m < f(x) < M.

Then
m(b—a)é/fﬁ/fSM(b—a).

Proof: For any partition P, we proved m(b—a) < L(P,f) < U(P,f) < M(b—a).
mb-a) <LP,f) = mb-a) < ['f. UPf)<Mb-a) = ﬁf < M(b - a).

Let Pq, P, be partitions of [a, b]. Define P := P; UD,.
Pis a refinement of both Py and P;
= L(Py,f) < L(P,f) < U(P,f) < U(Pa, f).

= fu f =sup {L(P,f) : P a partition of [a, b]}

<inf {U(P,f) : P a partition of [a, b]} = ?f O



Definition
Letf: [a,b] — R be bounded such that

/abf(x) dx = ff(x) dx.
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Definition
Letf: [a,b] — R be bounded such that

/abf(x) dx = ff(x) dx.

Then f is said to be Riemann integrable. The set of Riemann integrable functions on [a, b] is
denoted by R[a, b]. When f € R[4, b], we define

b (x)dx = ’ (x)dx:_b (x) dx.
[ = [ rwa=[s
‘/abf = /ahf(x)dx.

We often write




Definition
Letf: [a,b] — R be bounded such that

/abf(x) dx = Tf(x) dx.

Then f is said to be Riemann integrable. The set of Riemann integrable functions on [a, b] is
denoted by R[a, b]. When f € R[4, b], we define

b (x)dx = ’ (x)dx:_b (x) dx.
[ = [ rwa=[s
[r=[ oo

fa ’ f is called the Riemann integral of f, or simply the integral of f.

We often write




We immediately get:

Proposition
Let f: [a,b] — R be Riemann integrable. Let m, M € R be such that m < f(x) < M for all

b, Th !
x € [a,b]. Then m(b—a)S/fSM(b‘“)'
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We immediately get:

Proposition
Let f: [a,b] — R be Riemann integrable. Let m, M € R be such that m < f(x) < M for all

,b]. Th ’
* € [a,b]. Then m(b—a)S/fSM(b‘”)'

/




We immediately get:

Proposition
Let f: [a,b] — R be Riemann integrable. Let m, M € R be such that m < f(x) < M for all

,b]. Th ’
2 € [l Mazie m(b—a)s/fSM(b‘”)'

/

Useful version: If |f(x)| < M for all x € [a, b], then

[

< M(b-a).



Example: Constant function are integrable:
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Example: Constant function are integrable:

If f(x) = ¢ for some constant ¢, then ¢ is an upper and lower bound, so

c(b—a)sfahfs‘/ubec(b—a).

So f is integrable on any interval [, b] and

‘/abfzc(b—a).



Example: Letf: [0,2] — R be defined by

f) =

1
1/2
0

ifx<1,
ifx=1,
ifx>1.
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0 ifx>1.
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We claim f is Riemann integrable and / f=1
0

Proof: Let 0 < € < 1 be arbitrary.

Let P := {0,1 —¢€,1 + €,2} be a partition.

Using the notation from before:
my = inf {f(x) :x€e[0,1- e]} =1, M =sup {f(x) :xe[0,1- e]} =1,
my =inf {f(x):x€[1-¢,1+¢€]} =0, M;=sup {f(x):xe[l-¢1+€]} =1,
m3 = inf {f(x) txel+ e,2]} =0, M3 = sup {f(x) txel+ (—:,2]} =0.



Example: Letf: [0,2] — R be defined by

1 ifx<l1,
fx) =412 ifx=1,
0 ifx>1.

2
We claim f is Riemann integrable and / f=1
0

Proof: Let 0 < € < 1 be arbitrary.
Let P := {0,1 —¢€,1 + €,2} be a partition.
Using the notation from before:

m =inf{f(x):xe [O,l—e]} =1, M =sup {f(x):xe [0,1—6]} =1,
my =inf {f(x):x€[1-¢,1+¢€]} =0, M;=sup {f(x):xe[l-¢1+€]} =1,
m3 :inf{f(x):xe [1+e,2]} =0, M3 = sup {f(x):xe [1+(—:,2]} =0.

Furthermore, Axi =1-¢, Ax; =2¢, and Axz=1-¢€.



M1=M2=m1=1

1-¢€

l1+e

Axi=1-¢€

Axy = 2e

Axz=1-¢€



L(P,f)
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l1+e
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Axy = 2e
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Mi=My=m; =1

0 l-¢  1l+4e¢

Ax1=1—-€¢ Axr=2¢ Axz=1-¢
3
L(P,f)=ZmiAxi=1~(1—e)+0~2€+0-(1—€)=1—6,
i=1

3
U(P,f):ZMiAx,-=1~(1—e)+1~2€+0-(1—e)=1+e.
i=1



Mi=My=m; =1

0 l-¢  1l+4e¢

Ax1=1—-€¢ Axr=2¢ Axz=1-¢

3
L(P;f)=ZmiAxi=1~(1—€)+0~2€+0-(1—€)=1—6,
i=1

3
UP.f)= ) Mirx;=1-(1-€)+1-2e+0-(1-¢€)=1+e.

=1
= ff—/j



Mi=My=m; =1

0 l-¢  1l+4e¢

Ax1=1—-€¢ Axr=2¢ Axz=1-¢
3
L(P,f)=ZmiAxi=1~(1—e)+0~2€+0-(1—€)=1—6,
i=1

3
U(P,f)=ZMiAx,-:1~(1—e)+1~26+0-(1—e)=1+e.
i=1

T2 2
. /0 f- /L f < UP,f) - LP,f)



Mi=My=m; =1

0 l-¢  1l+4e¢

Ax1=1—-€¢ Axr=2¢ Axz=1-¢
3
L(P,f)=ZmiAxi=1~(1—e)+0~2€+0-(1—€)=1—6,
i=1

3
U(P/f):ZMiAxi:1~(1—€)+1~2€+0-(1—€)=1+€.
i=1

By 2
= ./0f—/LfSU(P,f)—L(P,f)=(1+€)—(1—€)=2€.



N
'\HN

IA
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As € was arbitrary = / f= / f = fisRiemann integrable.
0

<e.

1—e=L(P,f)s/2f<u(Pf)—1+e ‘/f 1

As € was arbitrary = / f=1
0



Proposition

Let f: [a,b] — R be bounded. Then f is Riemann integrable if for every € > 0, there exists a
partition P of [a, b] such that
U(P,f)—L(P,f) <e.
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Let f: [a,b] — R be bounded. Then f is Riemann integrable if for every € > 0, there exists a
partition P of [a, b] such that
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Proposition

Let f: [a,b] — R be bounded. Then f is Riemann integrable if for every € > 0, there exists a
partition P of [a, b] such that

U(P,f) - L(P,f) < e.

Proof: If for every € > 0 such a P exists, then

Y b
Os/f—/fsU(P,f)—L(P,f)<e.

b b
= / f= / f = fisintegrable.
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Ax; = b/n for all i.

f is decreasing so m; = inf {m iX € [x,-,1,x,-]} = Tom

and M; = sup {1 : x € [xi1, %]} = ﬁ

= U(P/f) - L(P/f) = Zn: Axi(Mi - mi)
i=1
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is integrable on [0, b] for any b > 0.

Proof: Let € > 0 be given.
Take n € N and let x; := i/n, to get partition P := {xo, x1,...,x,} of [0, b].
Ax; = b/n for all i.

f is decreasing so m; = inf {m tX € [x,-,1,x,-]} = To
1
T+xi-1°

and M; = sup {1+x X € [xi—lfxi]} =

n

. b 1 1
= UPN-LCS = Y o= = 2 Y (i - T
i=1 i

b 11 P

n 1+0h/n T+n0/u|  nb+1)
Pick n to be such that —— n(b +1)
and the function is integrable.

< €, the proposition is satisfied,
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Remark: The integral adds up (integrates) local information—it sums f(x) dx over all x.

Derivatives are “local”, only “at a point™:
velocity, acceleration, rate of change, slope . ..

Integrals are “global”:
total distance travelled, average temperature, total charge . ..

Notation: If f: S — R and [a, b] C S, use the restriction, but write fu ’ fandf € R[a, b].

We define fabf evenifa ¢ b:
b a a
If b <aand f € R[b, a], then define / f= —/ f. Also / f=0.
a b a

b b
The x in dx is just a dummy variable, so, e.g., / f(s)ds = / f(x)dx.
a a
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Remark: Here’s the Riemann approach to integrating f: [4,b] — R.
Take a partition P = {xq, x1,..., X}

and a set of numbers (tags) {ci,c2, ..., ¢} with ¢k € [xx—1, x¢] for all k.
n

Then compute the Riemann sum: Z f(cr)Axg.
k=1
The normal definition of Riemann integrable is if a number I exists such that for every
€ > 0 there exists a 0 > 0 such that if P is a partition with Ax; < 6 for all i, then for any set
of tags, the Riemann sum is within € of I.

Exercise: Prove that if f is Riemann integrable, then for any € > 0 there exists a Riemann
sum that is within € of the integral.



